SPRING 2025 MATH 590: QUIZ 12

Name:

1. Consider the linear transformations T : R? — R? with T'(z,y) = (2z + 3y, —x + y, 4z + 3y) and S : R* — R? with
S(z,y,2) = (x —y+ 2z, —x +y — 2). Letting o denote the standard basis for R? and 3 denote the standard basis for
R?, verify the formula [ST]% = [S]§ - [T]5. You can use the notation o = {e1,e2} and 8 = {fi, f2, fs}. (5 points)

Solution. T(el) = T(I,O) = (2, —1,4) =2- f1 + —1- f2 + 4. f3.

2 3
T(e2) =T(0,1) =(3,1,3)=3-fi+1-fo+3-f3. Thus, [T)2 = -1 1
4 3

S(f1) = S(1,0,0) = (1,—1) =1-e1 + —1-ea. S(fo) =5(0,1,0) = (~1,1) = —1-e1 +1-ea.
S(fs) = 5(0,0,1) = (1,—1) = 1- €1 + —1 - 5. Thus, [S]g:(_ll N 1).

-1
2 3
Therefore: [S]§ - [T]4 = (_11 _11 _11> |-t 1] = (_77 _55)
4 3

ST(e1) = ST(1,0) = S(2,~1,4) = (7,~7) =T-e1 + —7 - e2. ST(e2) = ST(0,1) = S(3,1,3) = (5, —5).

Thus [ST]S = (_77 _55) = (815 - [TIE.

2. Define T : C* — C3 by T(x,y,2) = (x +y,x +y + z,—y + 2). Find a basis a C C* such that [T]2 is in Jordan
canonical form. (5 points)

1 1 0
Solution. We first note that the matrix of 7' with respect the standard basis of R®is A= [1 1 1 |. Therefore,
0 -1 1
pa(z) = (z — 1), We now find the change of basis matrix P putting A into its JCF.
0 1 0 1 0 1 1
FE1 = null space of |1 0 1 Diof' 0 1 O0]. Thus, F1 has basis 0 , which is one dimensional. Therefore
0 -1 0 0 0 O
1 1 0 0 0 0
the JCF Jof Ais [0 1 1].Now, (A—1-I;)?= |1 1 0 . For v3 not in the null space
0 0 1 0 0 0
1 0 1
of (A—1-13)% wemay takev; = [0 ]|. Thenwve=(A—1-I3)-vs= 1] andvi =(a—1-I3)-v2=| O
0 0 -1

Since the columns of P giving the change of basis matrix are vi,vs,vs, the basis a = {v1,v2,v3}, in that order,
satisfies [T)o = J



